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Abstract
We study the scalarized charged black holes in the Einstein-Maxwell-Scalar (EMS)
theory with scalar mass term. In this work, the scalar mass term is chosen to be
m2φ = α/β, where α is a coupling parameter and β is a mass-like parameter. It turns
out that any scalarized charged black holes are not allowed for the case of β ≤ 4.4
because this case implies the stable Reissner-Nodstro¨m (RN) black holes. In the
massless limit of β →∞, one recovers the case of the EMS theory. We note that the
unstable RN black hole implies the appearance of scalarized charged black holes. The
other unstable case of β > 4.4 allows us to obtain the n = 0, 1, 2, · · · scalaized charged
black holes for α(β) ≥ αth(β) where αth(β) represents the threshold of instability for
the RN black hole. Furthermore, it is shown that the n = 0 black hole is stable
against radial perturbations, while the n = 1 black hole is unstable. This stability
result is independent of the mass parameter β.
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1 Introduction
Recently, introducing a scalar mass term has an effect on the bifurcation points where the
scalarized black holes branch out of the Schwarzschild black hole without scalar hair in the
Einstein-Gauss-Bonnet-Scalar (EGBS) theory [1, 2, 3]. This theory includes a quadratic
scalar term with mass as well as the scalar-Gauss-Bonnet coupling. In other words, the
mass term changes the threshold for scalarization surely and it may give the black hole mass
range over which scalarized black holes can exist. Moreover, it is suggested that a quartic
scalar term is sufficient to make a stable n = 0 black hole against the radial perturbations
without introdcing an exponential coupling term. However, we note that this indicates a
feature of the EGBS theory with quadratic coupling. In this direction, it is worth noting
that the scalarized charged black holes were found from the Einstein-Maxwell-Scalar (EMS)
theory [4, 5]. We would like to mention that the n = 0 black hole are stable in the EMS
theory with exponential and quadratic couplings [6].
On the other hand, it is curious to know why a single branch of the non-Schwarzschild
black hole with Ricci tensor hair exists in the Einstein-Weyl (EW) gravity whose Lagrangian
takes the form of LEW = √−g[R − CµνρσCµνρσ/2m22] [7]. Actually, an apparent difference
implies that many branches of αn=0,1,2,··· = {8.019, 40.84, 99.89, · · · } for q = 0.7 exist in
the EMS theory with exponential coupling, while a single branch of m22 = 0.767 exists for
the EW gravity [8]. This seems to appear because an asymptotic form of Zerilli potential
(VZ → m22) is different from the scalar potential (V → 0) in the EMS theory [9]. This means
that the scalar perturbation vanishes asymptotically (φ∞ → 0) in the EMS theory, while
the s(l = 0)-mode of Ricci tensor perturbation takes a normalizable form (ψ∞ → e−m2r) in
the EW gravity. An asymptotic correspondence would be met naively when one proposes
a mass term of Vφ = 2m
2φ2. In this case, a scalar potential takes the form of Vmass(r) =
f(r)[2M/r3+m2−(m2+2)Q2/r4] which shows a similar asymptote (Vmass → m2, as r →∞)
to VZ(r). However, it turns out that for this mass term, all potentials are positive definite
outside the horizon, providing the sufficient condition for stability. Therefore, this choice
does not allow any scalarized charged black holes. Of course, an independent choice of mass
parameter is available and it may lead to the scalarized charged black holes by analogy with
the EGBS theory with scalar mass term.
In this work, we wish to investigate how the number of bifurcation points can be changed
when including a specific mass term of Vφ = 2(α/β)φ
2. Here, α is a coupling parameter and
2
β is a mass parameter in the EMS theory with scalar mass term. The original motivation
is mainly to explain a difference between many branches in the EMS theory and a single
branch in the EW theory. However, it turns out that for β > 4.4 with q = 0.7, the number
of bifurcation points remains unchanged when including such a mass term. Instead, for
β ≤ 4.4 with the same q, there is no unstable RN black hole and thus, one could not find
any scalarized charged black holes. In the massless limit of β → ∞, one recovers the case
of the EMS theory. This implies that the role of scalar mass term provides either nothing
or all bifurcation points, but it does not lead to a single branch of scalarized charged black
holes. This indicates a difference between scalar and tensor hairs. Finally, we show that
the n = 0 black hole is stable against radial perturbations, while the n = 1 black hole is
unstable. This result is independent of the mass parameter β.
2 EMS theory
The EMS theory with scalar mass term takes the form [4]
S =
1
16π
∫
d4x
√−g
[
R− 2∇µφ∇µφ− 2m2φφ2 − eαφ
2
F 2
]
, (1)
where the mass squared is chosen to be m2φ = α/β > 0. Here α(β) are coupling (mass)
parameters and the type of scalar coupling to the Maxwell term is exponential. The other
case of m2φ < 0(β < 0) corresponds to a genuinely tachyonic instability and, therefore, this
will be excluded from our consideration. First, we derive the Einstein equation
Gµν = 2∇µφ∇νφ−
[
(∇φ)2 + α
β
φ2
]
gµν + 2e
αφ2Tµν (2)
with Gµν the Einstein tensor and Tµν = FµρFν
ρ − F 2gµν/4. The Maxwell equation is
coupled to scalar as
∇µFµν − 2αφ∇µ(φ)Fµν = 0. (3)
We obtain the scalar field equation
∇2φ− α
β
φ− α
2
eαφ
2
F 2φ = 0. (4)
Taking into account φ¯ = 0 and electrically charged A¯t = Q/r, the RN solution is found
when solving (2) and (3)
ds2RN = g¯µνdx
µdxν = −f(r)dt2 + dr
2
f(r)
+ r2dΩ22 (5)
3
with the metric function
f(r) = 1− 2M
r
+
Q2
r2
. (6)
The outer (inner) horizon is located at r = r± = M(1 ±
√
1− q2) with q = Q/M . We
stress that the RN solution (5) is a black hole solution to the EMS theory with scalar
mass term, being independent of α and β. Hereafter, we will choose a particular case of
q = 0.7(M = 0.5, Q = 0.35) as a representative of non-extremal RN black holes. In this
case, solving f(r) = 0 determines the outer horizon at r = r+ = 0.857 and the inner horizon
r = r− = 0.143.
Finally, we would like to note that the case of φ¯=const may provide a different solution
because their equations are given by
G¯µν = −α
β
φ¯2gµν + 2e
αφ¯2 T¯µν , ∇¯µF¯µν = 0, 1
β
= −1
2
eαφ¯
2
F¯ 2. (7)
In this case, the last relation reduces to
1
β
= eαφ¯
2Q2
r4
(8)
which means that β is not a proper coupling constant. So, we exclude the case of φ¯=const
from our consideration.
3 Stability for RN black hole
The linearized theory around the RN black hole could be obtained to investigate the stability
analysis of a RN black hole with q = 0.7. The perturbed fields are introduced by considering
metric tensor (gµν = g¯µν + hµν), vector (Aµ = A¯µ+ aµ), and scalar (φ = φ¯+ϕ) with φ¯ = 0.
We note that there are two ways to obtain the linearized theory. One way is first to
bilinearize the action (1) and then, obtain its linearized equations by varying perturbed
fields. The other is to linearize equations (2)-(4) directly. Adapting the latter leads to the
linearized Einstein-Maxwell equations
δGµν(h) = 2δTµν , ∇¯µfµν = 0 (9)
with a decoupled scalar equation
[
∇¯2 − α
β
+ α
Q2
r4
]
ϕ = 0. (10)
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In the EMS theory, the last term in (10) develops a negative potential outside the horizon
and thus, it may induce the instability. In the EMS theory with scalar mass term, however,
there exists a competition between mass term and the last term to give a negative potential
outside the horizon. Therefore, the instability is harder to realize for large scalar masses.
Concerning the stability analysis of the RN black hole, we consider the two linearized
equations in (9) first because two of metric hµν and vector aµ are coupled to each other as
in the Einstein-Maxwell theory. It is worth noting that these are exactly the same linearized
equations for the Einstein-Maxwell theory. We briefly review the stability of RN black hole
in the Einstein-Maxwell theory. In this case, one obtained the Zerilli-Moncrief equation
describing two physical degrees of freedom (DOF) for the odd-parity perturbations [10, 11],
while the even-parity perturbations for two physical DOF were investigated in [12, 13]. It
is known that the RN black hole is stable against the tensor-vector perturbations.
Hence, the instability of RN black holes in the EMS theory with scalar mass term will be
determined entirely by the linearized scalar equation (10), indicating a feature of the EMS
theory with scalar mass term. Now, let us introduce the separation of variables around a
spherically symmetric RN background (5)
ϕ(t, r, θ, χ) =
u(r)
r
e−iωtYlm(θ, χ). (11)
Choosing a tortoise coordinate r∗ defined by r∗ =
∫
dr/f(r), a radial part of the scalar
equation takes the form
d2u
dr2∗
+
[
ω2 − V (r)
]
u(r) = 0. (12)
Here the scalar potential V (r) is given by
V (r) = f(r)
[2M
r3
+
l(l + 1)
r2
+
α
β
− 2Q
2
r4
− αQ
2
r4
]
, (13)
which seems to be a complicated form. The s(l = 0)-mode is an allowable mode for the
scalar perturbation and thus, it could be used to test the instability of the RN black hole.
Hereafter, we confine ourselves to the l = 0 mode. It is interesting to note that V (r)→ α/β
as r →∞, compared to the massless potential of Vβ→∞(r)→ 0 in the EMS theory. From the
potential (13), the condition for positive definite potential which corresponds to sufficient
condition for stability could be found as [6]
V (r) ≥ 0→ β ≤ G(r, α) = αr
4
Q2(α+ 2)− 2Mr. (14)
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Figure 1: (Left)The α-dependent potential V (r, α, β = 811) as function of r ∈ [r+, 4.0]
and α ∈ [0.01, 50] for q = 0.7. The shaded region along α-axis represents negative region
of the potential. (Right)Plots of three potentials V (r, α, β = 811) with three different
α = {8, αth = 8.82, 20} from top to bottom near the V -axis.
We observe the behavior of G(r, α) function with M = 0.5 and Q = 0.35 pictorially. Its
minimum stays near r = r+ as α increases for r ∈ [r+ = 0.857, 2] and α ∈ [0.01, 100]. A
minimum value of G(r, α) locates at 5 around r = r+ for α = 1000. We read off the stability
bound from G(r, α) as
β ≤ G(r+, α→∞) = r
4
+
Q2
= 4.4. (15)
However, it is not easy to obtain the instability condition from the potential (13) directly.
In this direction, we need to look for the negative region of potential outside the horizon
because it may indicate a signal of instability. Taking into account the stability condition
(15), one expects that a negative region may allow for β > 4.4 and α <∞. As an example,
we wish to display the negative region of potential (13) as function of r and α for β = 811
in Fig. 1(Left). We find from Fig. 1(Right) that the width and depth of negative region
in V (r, α) increase as α increases. It is conjectured that if the potential V (r) is negative in
some region, a growing perturbation may appear in the spectrum, indicating an instability
of a RN black hole. However, this is not always true. A determining condition for whether a
black hole is stable or not depends on whether the time-evolution of the scalar perturbation
is decaying or not. The linearized scalar equation (12) around RN black hole may allow
an unstable (growing) mode like eΩt for a scalar perturbation and thus, it indicates the
sign for instability of the black hole. Importantly, it is stated that the instability of RN
black holes implies the appearance of scalarized charged black holes. Therefore, we have to
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Figure 2: Three graphs of Ω in eΩt as functions of α are used to determine the thresh-
olds of instability [αth(β)] around RN black hole. These correspond to the crossing
points at α-axis appearing in the magnification of the enclosed region. We find αth(β) =
9.345(356), 8.82(811), 8.60(1400).
solve (12) after replacing ω = −iΩ numerically by imposing boundary conditions: purely
ingoing wave near the horizon and purely outgoing wave at infinity. From Fig. 2, we read
off the threshold of instability [αth(β)]. Hence, the instability bound can be determined
numerically by
α(β) ≥ αth(β) (16)
with αth(β) = {9.345(356), 8.82(811), 8.60(1400)}. On the other hand, one always finds
stable RN black holes for α(β) < αth(β). From (Right) Fig. 1, one finds stable RN black
hole for α < αth = 8.82 and unstable RN black holes for α ≥ αth.
4 Static scalar perturbation: bifurcation points
β 4.4 · · · 5.5 6 8 20 33 71 125 258 356 471 591 811 1400 2000 · · · ∞
αn=0(β) ∞ · · · 469.8 256.6 82.52 21.80 15.98 12.10 10.69 9.649 9.345 9.132 8.987 8.82 8.60 8.493 · · · 8.019
αn=1(β) ∞ · · · 4074 2194 675.5 158.8 77.69 110.1 65.77 56.73 54.01 52.07 50.73 49.15 47.03 45.96 · · · 40.84
Table 1: List for the first two bifurcation points depending on β: αn=0(β) represents the
fundamental branch and αn=1(β) denotes the first excited branch. In the limit of β → 4.4,
one recovers stable RN black hole, while one recovers αn=0,1 for the EMS theory in the
massless limit of β →∞. The underlined cases are used for stability analysis.
Now, let us check the instability bound (16) again because the precise value of αth(β)
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Figure 3: Plot of αn=0,1(β) based on Table 1 shows effects of the mass term β on the
scalarization. Observing αn=0(β → 4.4)→∞ implies that unstable RN black holes exit for
β > 4.4. This implies that any scalarized charged black holes would be found for β > 4.4.
Also, we note that αn=0,1(β →∞) reduces to αn=0,1 = {8.019, 40.84} for the EMS theory.
determines the appearance of scalarized charged black holes. This can be confirmed by
obtaining a static scalar solution [scalar cloud: ϕ(r)] to the linearized equation (12) with
u(r) = rϕ(r) and ω = 0 on the RN background. For a given l = 0 and q = 0.7, requiring an
asymptotically normalizable solution (ϕ∞ → e−
√
α/βr/r) leads to the fact that the existence
of a smooth scalar determines a discrete set for αn(β) where n = 0, 1, · · · denotes the
number of zero crossings for ϕ(r) (or order number). The n = 0 scalar mode represents the
fundamental branch of scalarized charged black holes, while the n = 1 scalar mode denotes
n = 1 higher branch of scalarized charged black holes. It is noted that this corresponds to
finding the first two bifurcation points from the RN black hole (see Table 1).
Consequently, we confirm from Fig. 2 and Table 1 that for given β,
αth(β) = αn=0(β) (17)
which states that the threshold of instability for RN black hole is precisely the appearance
of n = 0 scalarized charged black holes. We find from Fig. 3 that αn=0,1(β) increases as β
decreases. The instability is therefore harder to realize for larger scalar masses (as β → 4.4).
This picture is similar to Fig. 1(Left) in Ref. [2], where no upper limit appears because
they used an independent mass term. We find that in the massless limit of β → ∞,
αn=0,1(β) approaches αn=0,1 = {8.019, 40.84} for the EMS theory. Also, we observe the
other limit that αn=0(β) → ∞, as β → 4.4. In other words, we show that unstable RN
black holes exist for β > 4.4 [see the opposite bound (15) for stable RN black holes]. This
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implies that the n = 0 scalarized charged black hole would be found for α ≥ αn=0(β) with
8.019 ≤ αn=0(β) < ∞ for β ∈ (4.4,∞], showing a significant shift of the n = 0 scalarized
charged black holes in compared to the massless case (α ≥ αn=0(β → ∞) = 8.019) in the
EMS theory. Particularly, an unallowable region for scalarization is given by 0 < β ≤ 4.4
where the unstable RN black holes are never found for any α > 0. Finally, we note that
the case of m2φ = 2α with β = 1 corresponds to the stable RN black hole. Therefore, one
could not find any scalarized black holes from this case.
5 Scalarized charged black holes
First of all, we would like to mention that the RN black hole is allowed for any value of
α, while a scalarized charged black hole solution may exist only for α(β) ≥ αth(β) and
β > 4.4. The threshold of instability for a RN black hole denotes an exact appearance of
the n = 0 scalarized charged black hole. So, we derive the n = 0 scalarized RN black hole
for q = 0.7 and α(β = 811) = 8.82 ≥ αn=0(β = 811) = 8.82 case numerically. For this
purpose, let us introduce a spherically symmetric metric ansatz as
ds2SCBH = −A(r)dt2 +
dr2
B(r)
+ r2(dθ2 + sin2 θdχ2). (18)
Also, we consider the U(1) potential Aµ = {v(r), 0, 0, 0} and scalar φ(r). Substituting these
into Eqs.(2)-(4) leads to four equations for {A(r), B(r), v(r), φ(r)} as
1
r2
+
1
B
(− 1
r2
+
αφ2
β
) +
A′ + eαφ
2
rv′2
rA
− φ′2 = 0, (19)
−αφ
2
β
+
1− B − rB′
r2
− eαφ2Bv
′2
A
− Bφ′2 = 0, (20)
Q+ eαφ
2
r2
√
B
A
v′ = 0, (21)
φ′′ +
(2
r
+
A′
2A
+
B
2B′
)
φ′ +
(
− α
βB
+
αeαφ
2
v′2
A
)
φ = 0. (22)
One finds an approximate solution to equations in the near horizon
A(r) = A1(r − r+) + A2(r − r+)2 + . . . , (23)
B(r) = B1(r − r+) +B2(r − r+)2 + . . . , (24)
φ(r) = φ0 + φ1(r − r+) + . . . , (25)
v(r) = v1(r − r+) + v2(r − r+)2 + . . . (26)
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Figure 4: Plots of a scalarized charged black hole with α = 8.82 in the n = 0 branch of
α(β = 811) ≥ 8.82 and q = 0.7. (Left) Metric function δ(r) = ln[B/A]/2, A(r), and f(r)
for the RN black hole. (Right) Scalar hair φ(r) and scalar hair φml for the EMS theory
with scalar charge Qs = 0.105.
with the first-order three coefficients
B1 =
1
r+
(
1− Q
2e−αφ
2
0
r2+
− αr
2
+φ
2
0
β
)
, φ1 =
α(Q2β − r4+eαφ20)φ0
Q2r+β + r3+(−β + αr2+φ20)eαφ20
, (27)
v1 = − e
−αφ2
0Q
√
A1√
r+(r2+ − e−αφ20Q2 − αr
4
+
φ2
0
β
)
.
Here A1 is a free parameter. φ0 = φ(r+) will be determined when matching (23)-(26) with
the asymptotic solutions in the far region of r ≫ r+
A(r ≫ r+) = 1− 2M
r
+ . . . , B(r ≫ r+) = 1− 2M
r
+ . . . ,
φ(r ≫ r+) = φmle−
√
α
β
r
+ . . . , v(r ≫ r+) = Φ + Q
r
+ . . . , (28)
where φml = Qs/r denotes the scalar hair for the EMS theory and Φ = Q/r+ denotes
the electrostatic potential. In addition, M, Qs, and Q denote the ADM mass, the scalar
charge, and the electric charge, respectively. In the massless limit of β →∞, one recovers
the asymptotic solution for the EMS theory.
Consequently, we obtain the n = 0 scalarized charged black hole solution shown in
Fig. 4 for α = 8.82 at β = 811. The metric function A(r) has a different horizon at
ln[r] = −0.303 in comparison to the RN horizon at ln[r] = −0.154 and it approaches the
RN metric function f(r) as ln[r] increases. Also, δ(r) decreases as ln[r] increases, while
δRN(r) = 0 remains zero because of B/A = 1 for the RN case. From (28), we observe a
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difference between φ(r) and φml for the EMS theory in the asymptotic region. The other
scalarized charged black holes for β = 258, 356, 1400, 2000 are found similarly.
6 Stability of scalarized charged black holes
It turns out that the n = 0(β = ∞) black hole is stable, while the n = 1, 2, · · · (β → ∞)
black holes are unstable in the EMS theory with exponential and quadratic couplings [6].
Now, let us analyze the stability of n = 0, 1 black holes the EMS theory with scalar mass
term. For this purpose, we choose three scalar masses of β = 258, 356, 811, 1400, 2000
whose n = 0 and n = 1 bifurcation points are given by αn=0 = {9.619, 9.345, 8.82, 8.60, 8.493}
and αn=1 = {56.73, 54.01, 49.15, 47.03, 45.96}, respectively. We focus on larger β which
provides smaller scalar mass m2φ for computation.
For simplicity, we perform radial (spherically symmetric) perturbations by choosing
three perturbations of H0(t, r), H1(t, r), δφ(t, r) as
ds2RP = −A(r) (1 + ǫH0) dt2 +
dr2
B(r) (1 + ǫH1)
+ r2(dθ2 + sin2 θdχ2),
φ = φ(r) + ǫδφ, (29)
where A(r), B(r), φ(r) denote a scalarized charged black hole and ǫ is a control parameter
of perturbations. Considering the separation of variables
δφ(t, r) = φ1(r)e
Ωt, (30)
we obtain the Schro¨dinger-type equation for scalar perturbation
d2φ1(r)
dr2∗
−
[
Ω2 + VSBH(r)
]
φ1(r) = 0, (31)
with r∗ is the tortoise coordinate defined by
dr∗
dr
=
1√
A(r)B(r)
(32)
and its potential reads as
VSBH(r) =
α
β
A
(
1 + αφ2 − 2α2φ4 + rφ(4 + 5αφ2)φ′)
−B
′A
2r
(−1− 2α+ 4α2φ2 − 10rαφ′φ+ 3r2φ′2)
−αA
r2
(1− B)(1− 2αφ2 + 5rαφφ′) + AB
′(r2φ′2 − 1)
2r
+ABφ′2(−2− α + 2α2φ2 − 5αrφφ′ + r2φ′2). (33)
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Figure 5: Three scalar potentials VSBH with l = 0 scalar mode for β = 811. (Left) Around
n = 0 black hole. Even though they contain small negative regions outside the horizon,
these show stable black holes. (Right) Around n = 1 black hole. They indicate unstable
black holes because their potentials include large negative regions outside the horizon.
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Figure 6: The negative Ω is given as function of α for the l = 0 scalar mode around the
n = 0 black hole, showing stability. Here we consider five different cases of β = 258, 356,
811, 1400, and 2000. Five dotted curves start from αn=0 = 9.649, 9.345, 8.82, 8.60, 8.493.
Five red lines denote the RN black holes [See Fig. 4].
It is suggested from Fig. 5 that the potentials around the n = 0 black hole indicates
small negative regions around the horizon, suggesting the instability. On the other hand,
the potentials around the n = 1 black hole indicates large negative regions outside the
horizon, showing the instability. However, the former case may be not true. The potential
VSBH with α = 8.820(β = 811) with small negative region does not imply the instability,
but it might support the stability. The linearized scalar equation (31) around the n = 0, 1
12
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Figure 7: The positive Ω is given as function of α for the s-mode of scalar around the n = 1
black hole, indicating instability. Here we consider five different cases of β = 258, 356, 811,
1400, and 2000. Five dotted curves start from αn=1 = 56.73, 54.01, 49.25, 47.03, 45.96. Five
red lines represent the RN black holes.
scalarized charged black holes may allow either a stable (decaying) mode with Ω < 0 or an
unstable (growing) mode with Ω > 0.
We solve (31) numerically with imposing a boundary condition that φ1(r) vanishes at
the horizon and at infinity. We find from Figs. 6 and 7 that the n = 0 black hole is stable
against the l = 0 scalar mode, while the n = 1 black hole is unstable against the l = 0
scalar mode. Furthermore, we show that that the (in) stability of n = 0(n = 1) black holes
is independent of the mass parameter β.
7 Discussions
One of original motivations to study this work is to understand the difference between
infinite branches in the EMS theory and a single branch in the EW theory. The infinite
branches of n = 0, 1, 2, · · · scalarized charged black holes in the EMS theory are not changed
for β > 4.4 even for including a scalar mass term m2φ = α/β, whereas these all disappear
for 0 < β ≤ 4.4. This is so because the bifurcation points is determined solely by the
exponential coupling to the Maxwell term in the scalar equation (4). This implies that the
role of scalar mass term provides either nothing or all bifurcation points, but it never lead
to a single branch of scalarized charged black holes. On the other hand, the single branch
is determined by the static Licherowicz-Ricci tensor equation [(△L +m
2
2)δRµν = 0] where
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a single bifurcation point is given by m22 = 0.7677 [8]. This indicates a difference between
scalar and Ricci-tensor hairs.
In this work, we have investigated the scalarized charged black holes in the EMS the-
ory with a specific choice of scalar mass m2φ = α/β. The computing process is as follows:
detecting instability of RN black holes→ prediction of scalarized charged black holes (bi-
furcation points) → obtaining the n = 0, 1 scalarized charged black holes → performing
(in)stability analysis of n = 0, 1 scalarized charged black holes.
We find that the first two bifurcation points of αn=0,1(β) increases as β decreases. The
RN instability is therefore harder to realize for larger scalar masses. We found two limits.
In the massless limit of β → ∞, αn=0,1(β) approaches αn=0,1 = {8.019, 40.84} for the
EMS theory. The other limit is given by αn=0(β) → ∞, as β → 4.4. In other words,
we have stated that unstable RN black holes exist for β > 4.4 [see the opposite bound
(15) for stable RN black holes]. This implies that the n = 0 scalarized charged black
hole was found for α ≥ αn=0(β) with 8.019 ≤ αn=0(β) < ∞ for β ∈ (4.4,∞], showing
a shift from αn=0(β → ∞) = 8.019. Also, the n = 1 scalarized charged black hole was
found for α ≥ αn=1(β) with 40.84 ≤ αn=1(β) < ∞ for β ∈ (4.4,∞], showing a shift from
αn=1(β → ∞) = 40.84. Interestingly, an unallowable region for scalarization is given by
0 < β ≤ 4.4 where the unstable RN black holes are never found for any α > 0.
Finally, we have shown that the n = 0 black hole is stable against radial perturbations,
while the n = 1 black hole is unstable. Further, it was shown that the stability result of
n = 0, 1 black holes is independent of the mass parameter β, even though it changes the
bifurcation points significantly.
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